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HECKE ALGEBRAS, NEW VECTORS AND NEW FORMS 

ON r 0 (m). 


EHUD MOSHE BARUCH AND SOMA PURKAIT 


Abstract. We characterize the space of new forms for ro(m) as a 
common eigenspace of certain Hecke operators which depend on primes 
p dividing the level m. To do that we find generators and relations for 
a p-adic Hecke algebra of functions on K = GL 2 (Z P ). We explicitly find 
the n+1 irreducible representations of K which contain a vector of level 
n including the unique representation that contains the “new vector” 
at level n. After translating the p-adic Hecke operators that we obtain 
into classical Hecke operators we obtain the results about the new space 
mentioned above. 


1. Introduction 

The theory of Hecke operators and new forms of integer weight for Fo(m) 
was developed by Atkin and Lehner for the case of trivial central charac¬ 
ter [I] and by Atkin-Lehner-Li-Miyake for arbitrary central characters [8j. 
Atkin and Lehner define Hecke operators T q for primes q not dividing m and 
operators U p for primes p dividing m. They define the new space of cusp 
forms on To(m) as the space orthogonal under the Petersson inner product 
to all the old forms on ro(m) which are forms that come from lower levels m' 
dividing mn. They show that all the Hecke operators stabilize the new space, 
that they commute and are diagonalizable. Further, there is a common basis 
of eigenforms where each eigenspace is one dimensional and spanned by the 
primitive eigenforms, the ones whose first Fourier coefficient is one. A basic 
tool in the discussion is a certain involution on the whole space called the 
Atkin-Lehner involution. Atkin and Lehner remark that the definition of the 
new space as an orthogonal complement does not give enough information 
on this space. In this paper we will show how to characterize the new space 
using eigenvalues of Hecke operators. In particular when the primes p divides 
m or p 2 divides m but p 3 does not divide m we will use a certain product 
of the Atkin-Lehner involution and the operator U p . When p 3 divides m, 
the information on the new space can not be obtained using the operators 
considered by Atkin and Lehner and we will introduce a family of Hecke 
operators which "capture" the various spaces of old forms on Fo(m). 
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The theory of new forms was given a representation theoretic interpre¬ 
tation by Casselman m 0 who showed that every irreducible admissible 
representation of GL2(A) where F is a p-adic held contains a unique new 
vector. Schmidt m used the classification of irreducible admissible repre¬ 
sentations of GL2(i ? ) to describe the new vectors in these representations. 
In their remarkable work on the space of half integral weight modular forms 
Niwa [ 9 ] and Kohnen [6] considered a certain Hecke operator Q which is a 
composition of classical Hecke operators. Kohnen defined the plus space to 
be a particular eigenspace of this operator. Loke and Savin [ 7 ] interpreted 
Kohnen’s definition in the context of a Hecke algeba for the double cover 
of SL2(Q2) and used this Hecke algebra to classify the representations that 
contain maximal level vectors fixed by a certain congruence subgroup. Using 
similar methods we will study a Hecke algebra of functions on K = GL2 (Z p ) 
which are compactly supported and bi-invariant with respect to an open 
compact subgroup Kq (p n ) which is defined below. We will find generators 
and relations for this Hecke algebra and show that it is commutative. We will 
study the finite dimensional representations of K containing a Ko(p n ) fixed 
vector. Casselman showed that there is a unique irreducible representation 
of K which contains a A'o(p n ) fixed vector but does not contain a Ko(p k ) 
fixed vector for k < n. Such vectors are called new vectors. We will explic¬ 
itly describe these new vectors and action of Hecke algebra on such vectors. 
Using our Hecke algebras we will construct classical Hecke operators that 
are needed to classify the new space. We view our paper as a connection 
between the theory of new vectors described by Casselman and the theory 
of newforms by Atkin and Lehner. 


2. The main results 


Let S , 2fc(To(m)) be the space of cusp forms of weight 2 k on To(m). The 
space of old forms is defined to be the space spanned by all 

the forms f(lz) where / £ <S , 2fc(To(mi)) where l, m\ £ N, with lm\\m and 
mi 7^ m. The space of new forms S , 2^ w (To(m)) is the space orthogonal to the 
space of old forms under the Petersson inner product. Let GL2(M) + be the 
group of 2 x 2 real matrices with positive determinant and HI be the upper 
a 0 


half plane. For g = 


d 


£ GL2(M) + and 2 £ HI define 


j{g,z) = det(g) 1/2 (cz + d), 

and for functions / on HI define the slash operator \2k.g by 


f\ 2 k 9 = j(g,z) f 


- 2 k - I 0 ,Z + b 


cz + d 
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Let p be a prime dividing m. Assume that p n \m and p n+1 \ m. (We will 
denote this by p n \\m.) We define the following operators: 

p -1 

U P (f)(z) = p~ k Y f(( z + S )/P ) 

s =0 

W p n(f)(z) = f\ 2k (^ ^\[z) where p 2n /3 — m'y = p n . 

Let m = p n m! with p \ m! and n > 2 . We fix j such that 1 < j < n — 1 . Let 

Lj(f) = Y / m - 

s£{Z./p rl -i7,)* 


where A s G SL2(Z) is any matrix of the form 
case we define for 1 < r < n — 1 the operators 



n— 1 


ST) n 7 * - 


1 + zL 


j=r 


We also define 


S' p n ir = W pn S pn , r W-r}. 


P 


i n-3 _ 


srn 


. In this 


Remark 1 . The operator U p is denoted by U* = p 1 k U p in Atkin and Lehner 
(See p] Lemma 14 ) where U p is the usual Hecke operator, sometime also 
denoted as T p (W- The operator W p n is the usual Atkin-Lehner involution 
W p defined in (| 1 | ( 2 . 3 )). The operators S p n )T did not appear in [T]. 


Our main theorems characterize the space of new forms as a common 
eigenspace of above defined operators: 


Theorem 1 . Let N be a square-free positive number. For any prime p \ N, 
let Q p = U p W p and Q' p = W p U p . Then the space of new forms Slff™(To(N)) 
is the intersection of the —1 eigenspaces of Q p and Q' p as p varies over the 
prime divisors of N. That is, f G S2™(Tq(N)) if and only if Q p (f) = — f = 
Q' p (f) for all primes p \ N. 

Theorem 2. Let N = M(M where M\ and M are square free and coprime. 
For any prime p dividing Mi, let Q p 2 = ( U p ) 2 W p 2 and Q p2 = W p 2(U p ) 2 
Then f G if and only if Q p (f) = —f = Q p {f ) for all primes p 

dividing M and Q p i{f) = 0 = Q' p 2{f) for all primes p dividing M\. 

Theorem 2’. Let N be as in Theorem m Then / G S ^( T 0 ( N )) if and 
only if Q p (f) = — / = Q' p {f) for all primes p dividing M and S p 2 X (f) = 0 = 
S p 21 (/) for all primes p dividing M\. 

Theorem 3 . Let N be a positive integer. Then the space of new forms 
S'2| w (To(A^)) is the intersection of the —1 eigenspaces of Q p and Q' p where p 
varies over the primes such that p\\N and the 0 eigenspaces of S p -t^-\ and 
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Sp-y ,y_i for primes p such that p 7 ||lV with 7 > 2 . That is, f G Slf™ (To(N)) 
if and only if Q p (f ) = —/ = Q' p (f ) for all primes p such that p\\N and 
S P 7, 7 -i(/) = 0 = S' p ~, y_i(f) for all primes p such that p 7 ||lV for 7 > 2 . 

Let q = e 2mz and f(z) = Yl^Li a nQ n £ -Safe (I/) (m)). Let p be an odd 
prime. Define 

R P (f)( z ) = jt, (~) anqU > R x(f)( z ) = jt, (v) ° n9 "' 

n=l n=l V 7 

By m Lemma 33], R p and are operators on <S 2 fc(ro(m)) provided that 
p 2 | m and 16 | m respectively. 

Theorem 4 . Let N = 2 ^ M1M2 where M1M2 is odd such that M\ is square 
free and any prime divisor of M2 divides it with a power at least 2 . Let (3 > 4 . 
T/ien / G */ ar? ^ on/?/ tf Qp{f) = ~f = Q' P (f ) / or primes p 

dividing M\, ( R x ) 2 (f ) = f and ( R p ) 2 (f ) = / /or all primes p dividing M2, 
and 5 P 7 i7 _i(/) = 0 /or all primes p such that p 7 ||2^M2. 

3. p-adic Hecke Algebras and the representations of A'. 

In this section we will find generators and relations for a Hecke algebra of 
functions on K = GL 2 (Z p ) which are bi-invariant with respect to Kq( p n ) . 
We will use these results to classify smooth irreducible finite dimensional 
representations of K which have Ko(p n ) fixed vectors. 

Denote by G the group GL2(Q P ). Let Ko(p n ) be the subgroup of I\ defined 
by 

Ko(p n ) = { €K : cGp%,}. 

The subgroup Kq( p) denotes the usual Iwahori subgroup. In this section we 
shall consider the Hecke algebra of G with respect to Ao(p n ). 

It is well known that the space Cf°(G), the space of locally constant, com¬ 
pactly supported complex-valued functions on G, forms a C-algebra under 
convolution which, for any /i,/2 G Cf°(G ) 1 is defined by 

f 1 *f 2 {h)= I fi{g)f2{g~ 1 h)dg = I fi{hg)f 2 (g~ 1 )dg, 

Jg Jg 

where dg is the Haar measure on G such that the measure of A'o(p n ) is one. 
The Hecke algebra corresponding to A'o(p n ), denoted by H(G//Ko(p n )), is 
the subalgebra of Cf°(G) consisting of A/(p n ) bi-invariant functions: 

H(G//K 0 (p n )) = {/ € C?{G) : f(kgk') = f(g) for g € G, k, k' G K 0 (p n )}. 

Let X g denotes the characteristic function of the double coset Kq (p n ) gK^ (p n ). 
Then H(G // ILo(p n )) as a C-vector space is spanned by X g as g varies over 
the double coset representatives of G modulo A'o(p n ). 

Let fi(Ko(p n )gKo(p n )) denotes the number of disjoint left (right) A'o(p n ) 
cosets in the double coset Ko(p n )gKo(p n ). Then the following lemmas are 
well known [5] Corollary 1.1]. 
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Lemma 3.1. If n(K 0 (p n )gK 0 (p n ))fi(K 0 {p n )hK 0 (p n )) = p{K 0 {p n )ghK 0 (p n )) 
then X,i * X}i = Xgh. 

Lemma 3.2. Let /i, fi G H(G//Ko{p n ) such that f\ is supported on 
Ko(p n )xKo(p n ) = \J™ = i^ K o(p n ) an d fi is supported on Ko(p n )yKo(p n ) = 
U] = x/3jK 0 {p n ). Then 

m 

fi * f2{h) = Y h{°^i)f2{a~ 1 h) 

1=1 

where the nonzero summands are precisely for those i for which there exist a 
j such that h € ai/3jKo(p n ). 

For t G we shall consider the following elements: 



Let N = {x(t) : t G Q p }, N = {y(t) : t G Q p } and A be the group of diagonal 
matrices of G. Let Zq = {z(t) : t G Q*} denote the center of G. 

3.1. The Iwahori Hecke Algebra. 

Lemma 3.3. A complete set of representatives for the double cosets ofG mod 
K 0 (p) are given by d(p n )z(m), w(p n )z(m) where n, m varies over integers. 

Proof. For proof refer to j5j Section 2.3]. □ 

Lemma 3.4. (1) For n > 0 we have 

K 0 (p)d(p n )K 0 (p) = [J x(s)d(p n )K 0 (p) = |J Kq (p) d (p n )y(ps). 

s^L v lp nr L v sgZp/p n Zp 

(2) For n > 1 we have 

K 0 (p)d(p- n )K 0 (p) = |J y(ps)d(p- n )K 0 (p ) = [_\ K Q {p)d(p~ n )x{s). 

s£Zplp n 7i v sgZp/p n Z p 

(3) For n > 1 we have 

K 0 (p)w(p n )K 0 (p) = |J y(ps)w(p n )K 0 (p) = |J K 0 (p)w(p n )y(ps). 
sgZp/p n-1 Z p sgZp/p n_1 Z p 

(4) For n > 0 we have 

K 0 (p)w(p~ n )K 0 (p) = [J x(s)w(p~ n )K 0 (p) = [J K 0 {p)w(p~ n )x(s). 

sgZp/p^+iZp sgZp/p^+iZp 

Proof. The proof easily follows from the triangular decomposition 

K 0 (p) = (N n K 0 (p))(A n K 0 (p))(N n Ko(p)). 
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Let T n = Xd(pn), U n = X w ( p n^ and Z = X z ( p ) be elements of the Hecke 
algebra H(G/ /Kq{p)). It is easy to see that Z commutes with every / € 
H{G//Kq{p )) and that Z n = X z ( p ny We have the following well known 
lemma. 

Lemma 3.5. (1) If n,m > 0 orn,m< 0, then T n * T m = 7 ~ n +m- 

(2) If n > 0 then U\*T n = U n +\ and T n * U\ = Z n * U\- n . 

(3) If n > 0 then U\ * 71 n = Lh-n and 71 n *U\ = Z~ n * U\ +n . 

(4) If n > 0 then Uq * 71 n = and T n * Uq = Z n * U- n . 

(5) For n € Z, U\ * U n = Z * T n -i and U n *U\ = Z n * T\- n - 

(6) For n > 1, Uq *U n = T n and U n *Uq = Z n * 71 n ■ 

(7) U 0 *U 0 =\p-l)U 0 +p 

Proof. The parts (1) to (6) follows from Lemma l3.1l and 13.41 

Using Lemma 13.21 it is easy to see that Uq * Uq is supported only on the 
double cosets Kq{p) and Kq{p)w{1)Kq{p), so to obtain (7) enough to find the 
values of Uq *Uq on the elements w{ 1) and on 1. Using Lemma [3.21 and 13.41 

p— 1 p— 1 

Uq *Uq{w{1)) = ^2u 0 {x{s)w{l))U 0 {w{l)x{-s)w{l)) = ^2^o{y{~s)) 

s=0 s=0 

For each l<s<p—lwe have y(—s) € Kqw{1)Kq while clearly y{ 0) 0 
Kqw(1)Kq, hence Uq *Uq{w{ 1)) = p — 1. Further, 

p —1 p —1 

Uq *Uq{1) = y^ j U 0 (x(s)w)U 0 (wx(-s)) = y^Up(w) = p. 

S=0 S=0 

□ 


Thus we obtain the following well known theorem: 

Theorem 5. The Iwahori Hecke Algebra H(G//Kq(j})) is generated by Uq, 
U\ and Z with the relations: 

1) Uf = Z 

2) {U 0 - p){U 0 + 1) = 0 

3) Z commutes withUo andU\ 

Remark 2. The algebra H{G//Kq{p))/(Z) is an algebra generated by Uq 
and U\ with the relations U\ = 1 and {Uq — p) {Uq + 1) =0. 

3.2. A subalgebra. Let H{K//Kq{p u )) denotes the subalgebra of the al¬ 
gebra H{G/ /Ao(p n )) consisting of functions supported on K. We shall now 
be looking at generators and relations for H{K//Kq{p u )) when n > 2. 

We consider the double cosets of K mod 7<o(p n ). We first note the fol¬ 
lowing lemma [3J Lemma 1], 

Lemma 3.6. A complete set of representatives for the double cosets of K 
mod Kq{p u ) are given by 1, w(l), y{p ), y{p 2 ), ... y{p n ~ 1 )- 
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For simplicity, we shall write Kq for K$(p n ). 

Let Uq = and V r = ^y(p r ) for 1 < r < n - 1 be the elements of 

H(G//Kq). Then by the above lemma, H(K//I\q ) is spanned by 1, Uq and 
V r where 1 < r < n — 1. 

We shall need the following lemmas. 

Lemma 3.7. Assume that r satisfies n > r > n/2. Then 

K 0 y(p r )K 0 = |_| d(s)y(p r )K 0 = |J K 0 y(p r )d(s ) 

s&Z*/l+p n ~ r Z v s&Z*/l+p n ~ r Zp 

Proof. Since K 0 = N'A'N' where N' = N D K 0l A! = A n K 0 and N' = N n 
Kq, and A! = DZ' where D consists of matrices d{a) £ K and Z' = Zq D K, 
we have 

Koy(p r )Ko = N'A'N'y{p r )KQ = N'A'y(p r )KQ = N'Dy(p r )K 0 . 

Now any a £ Z* can be written as a = sa' where a' £ 1 + p n ~ r Z p and 
s £ Z*/l +p n_r Z p . Since 

y(-p r )d{a')y{p r ) = ^ e K 0 

we get that 

K 0 y(p r )K 0 = |J N'd(s)y(p r )K 0 . 
sez*/i+ P n ~ r z p 

We obtain the decomposition since 

N'd(s) = d(s)N' and y(-p r )x(u)y{p r ) = (^^ up ir , ^ up ^j e K o- 

Now we show that the union is disjoint. Let g± = d(s\)y{p r ) and <72 = 
d(s 2 )y{p r ). Assume gf 1 g 2 £ Kq then 

y(-pQd( a -' S2 )y( P Q = ( (1 °) e *o, 

hence 6 1 + p n ~ r T, p . □ 

Lemma 3.8. Assume that 0 < r < n/2. Let K^ p ^ = y(p r )Koy(p r )- 1 (IKq. 
Then an element of K^ p ^ can be written as y(v)z(t)d(s)x(u) where v £ 
p n Z p , t, s £ Z* 7 ueZ p and s — 1 — p r u £ p n ~ r 7L p . 

Lemma 3.9. Assume that r satisfies 0 < r < n/2. Then 

K 0 y(p r )K 0 = |_| d(s)y(p r )K 0 = |J K 0 y(p r )d(s) 

s&Z*/l+p n ~ r Z p s&Z*/l+p n ~ r Zp 

Proof. As in Lemma 13.71 we can write g = d(s)x(u)y(p r )kQ where s £ Z*, 
u £ Tip and kQ £ I\q. Now 

g = d(s)d( 1 +p r u)~ l d{l + p r u)x(u)y(p r )ko 
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It follows from Lemma [3~8l that d( 1 + p r u)x(u) G K^ p K Let si = s(l + 
p r u ) _1 G Z*. Then we get that g = d(si)y(p r )ki for some k\ G Kq hence we 
get the decomposition as in the statement . The disjointness follows as in 
Lemma rrn □ 

Proposition 3.10. We have the following relations in H(K//Kq): 

( 1 ) v 2 r = p n - r ~\p - 1)(/ + E"=r +1 Vi) + - 2)V r . 

(2) V r * Vj = (p — 1 )p n ~ : '- 1 Vr = Vj * V r for r + 1 < j < n — 1. 

Let Tr+1 = / + EJ=r+i Vj. Then 

Vr * y r+ 1 = p n " r " 1 V r = Tr +1 * V rj 

and so, 

(v r - p n - r - 1 (p - i))(v r + y r+ i) = o. 

Proof. For (1), we first compute the support of V r * V r . By Lemma 13.71 
and 13.91 

K 0 y(p r )K 0 = |_| a s K 0 where a s = d(s)y(p r ), 

s£Z*/l+p n ~ r Z p 

so using Lemma 13.21 we get that V r * V r is supported on those g G G for 
which there exists s, t G Z*/l + p n ~ r Z p such that 

(a s a t ) _1 5 = f - p r\t + i) ^ g G K 0 . 

Clearly it is enough to check the support on g = 1, ie(l), y(p ) ) for 1 < j < 
n — 1. Note that (a s a:t) _1 w;(l) = ^ ^ ^° r ^ = ^ s = 1 and 

t = p n_r — 1 G Z*/l +p n_r Z p we get that V r * V r is supported on Kq. For 

g = yip 1 ), 

(asOi) -1 # G Kq jpst -p r (t + 1) G p n Z p . 

If j < r, this is impossible. First assume that r < j < n, then the above 
equation holds if and only if jV~ r st — (t + 1) G p n ~ r 7L p . Taking t = p^~ r — 1 
and s = (1 + p n -i)t~ l G Z*/l +p n ~ r Z p , we are done. Now assume j = r. If 
p > 2 then taking t = p n ~ r — 2 and s = — 1/t we are done, if p = 2 no choice 
of s, t works. Thus we get that V r * V r is supported on Kq and Kqp(jV)Kq 
where if p > 2 then r < j < n while for p = 2 we have r < j < n. Since 
y(-p r ) € K 0 y(p r )K 0 , 

V r * V r (l) = £ V r (y(—p r )) = p n - r ~ l (p - 1). 

seZ*/i+p"- r Zp 

For r < j < n, 

V r * V r (y(p j )) = ^ V r (y(-p r )d(s)y(p j )). 

sGZ*/l+p r *-’’Zp 
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We want to check for which s, there exists a matrix A = 


a b 
c d 


£ K 0 such 


that y(—p r )d(s)y(p J )Ay(—p r ) £ K$ i.e., (p 7-7- — s _1 )(a — bp r ) — d £ p n ~ r Z p . 
If r < j then for any s £ Z* take 6 = c = 0, a = , d = — 1, thus 

V r * V r (y(jV)) = p n ~ r ~ 1 {p — 1). If p > 2 and j = r, it is easy to see that 
such an A exists if and only if s ^ 1 + pZ p , in this case take b = c = 0 and 

a = \_~£ , d = —1. The number of s £ Z*/l+p n_r Z p such that s £ l+pZ p 
is equal to p n ~ r ~ 1 {p — 2) and so V r * V r {y(p r )) = p n ~ r ~ 1 (p — 2). 

For (2), as before for r + 1 < j < n, we get that V r * Vj is supported at 
g £ G if and only if there exists s £ Z*/l + p n_r Z p and t £ Z*/l + p n_JI Zp 
such that 

^ -(p^+p 7 ) 

It is easy to check that the above does not hold for g = 1, ic(l), y(p l ) for 
i ^ r. If i = r, taking s = p 7-7 " + 1, t = 1 we are done. Similarly Vj * V r is 
supported only on Koy(p r )Ko. Now 

V r *Vj(y{p r )) = Y Vj(y(-P r )d{s~ 1 )y{p r )), 

sez*/i+p n ~ r z P 


so we want to count s, for which there exists A = 


d 


G Kq such that 


- r G p n ~ r Zp> 
_r Z*, in which case if s — 1 = p>~ r u 


y(—p r )d(s )y(p r )Ay(-p>) G K 0 i.e., (1 - s ^(a -bp>) - dp> 
which holds if and only if s — 1 G p 7_r Z*, 
then taking b = 0, a = s, d = u we are done. Thus V r * Vj = CjV r where for 
r + 1 < j < n, 

Cj = #{s £ Z;/l +p n ~ r Z p :s- 1 £ p j ~ r T p } = (p - 1 )p n ~ j -\ 

For Vj*V r {y{p r )) we use that K 0 y(-p r )K 0 = U se z;/i+p™—z p d (s)y(-p r )K 0 
to get 

Vj *V r (y(p r )) = Y Vj(y{p r )d(s)y(-p r )), 
sez;/i+p™-’-z p 

the calculations now follow as above. 

For (3), 

Vr * y r+ l = Vr + {p- l)Vr + (p - l)pV r + ••• + (?- l)p n - r - 2 V r 


= V r + (p n r l)V r = p' 


n—r—1 


Vr, 


the rest follows from (1). 


□ 


For 1 < r < n— 1 , let y r be as before, i.e. y r = I + Ylj=r Vj, take y n = I. 
We have following easy corollary. 

Corollary 3.11. (1) T 2 _ r = p r Tn-r for all 0 < r < n — 1. 

(2) y r * y t = P n ~ r y l = y t * y r for r >i. 
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Proof. Note that V n - r = X-r ~ X— r+i for all 1 < r < n — 1. Clearly 
(1) holds for r = 0 . Assume that y ^_( a _= Z> a_1 X-(a-i)- Then using 
lemma 13.101 

Tn-a = (X-(a-l) + Hi-a) (X-(a-l) + Hi-a) 

= yn-(a-l) + rt—(a—l)Xi—a + V n-a 

= P a ~^yn— (a—1) + 2 p a ~ l V n - a + (p ~ l)p“ _1 X-(a-l) + (P ~ 2)p a ~ 1 V n _ a 

= P Xi—(a—1) T P V n _( a _i) 

= P a y n -a. 

Similarly for (2), let r = l + m for some m > 0. Then 

y r *yi = y r * (Vz + Vz+i + Vz+2 + • • • Vi+ m ~i + x)- 

Now for 0 < j < m — 1, 

71—1 71—1 

x * v i+j = v l+j + J2 x * V ;+J = V i+i + 

z=r z=r 

= V I+i + V I+i (p n - r -l)=p n - r V I+i . 

Hence 

X * X = P n “ r (X + v l+1 + • • • + V, +m _ 1 + X) = P n " r X. 

□ 


In the next proposition, we obtain relations for Wo. 

Proposition 3.12. (1) Wo * Wo = p n ~ l {p — l)Wo + p n X- 

(2J W 0 * X = p n ~ r U 0 = X * W 0 for alll<r<n. 

(3) W 0 * (W 0 - p n ) * (Wo + p "- 1 ) = 0 . 

Proof. Note that 

Kqw(1)Kq = |_| asA'o where a<j = x(s)u;(l). 

•sGZ v /p n Z p 

To compute Wo * Wo need to check if it supported on 1, 'fn(l) and y(jp ) for 
1 < J < n — 1 , i.e. need to check if there exists s, t such that 

For g = 1 taking s = t = 0, for g = w(l) taking s = t = 1 and for <7 = y(p J ), 
taking s = p n ~ J , t = —p 1 we get that Wo *Uq is supported on Kq, Kqw(1)K 0 
and Kqh{p i )Kq for all 1 < j < n — 1. Clearly Wo *Wo(l) = p n ■ Doing similar 
calculations as before we get that 

Wo * WoMl)) = #{s € Z p /p n Z p : s 0 P Z p } = p n ~\p - 1 ), 

and 

W 0 * U 0 (y(p j )) =p n for 1 < j < n — 1 . 
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Thus 

Uo*U 0 = p n ~\p - 1)W 0 + p n (I + Vi + • • • V„_i) = - 1)W 0 + p n Ti- 

Similarly we can check that for each 1 < j < n — 1, Uq * Vj and Vj * U$ 
are supported only on Kqw(\)Kq and that 

U 0 * Vj = Vj *U 0 = (p- 1 )p n - j ~ 1 U 0 

which implies (2). 

The statement (3) now follows using (1) and (2). □ 

Thus we have the following theorem. 

Theorem 6. The algebra H(K//Ko(p n )) is an n + 1 dimensional commu¬ 
tative algebra with generators {Uq, Ti, 3 ^ 2 > ■ • •, Tn} cmd relations given by 
Corollarv \3.11\ and Proposition \3.1iA 

We should point out that we have not yet found an analogue of Theorem [5] 
for H(G/ / Ko(p n )) for n > 2. However we would need the following relation 
later. Let T m = X^ p m\, U m = X w ^ p m' ) , Z = X z ( p ) be the elements in 
H{G//K 0 (p n )). Then 

Lemma 3.13. (7i) m * U m = T m * = Z m * Uq for all m < n. 

Proof. The proof follows as before by using Lemma l3.1l and since 

K 0 (p n )d(p m )K 0 (p n ) = □ x(s)d(p m )K 0 (p n ) for m > 0, 

and 

Ko(p n )w(p r )Ko(p n ) = |_| x(s)w(p r )Ko(p n ) for r < n. 


3.3. Representations of K having a Ko(p n ) fixed vector. In this section 
we recall some results of Casselman m 0. We are interested in irreducible 
representations of I\ having a KqIjP) fixed vector. Let 

I(n) := Ind^ o(p njl = {</>'■ K ->■ C : <f(k 0 k) = <f{k) for k 0 € K 0 (p n ), k G K}. 

Then I(n) is a right representation of K, via right translation, denoted by 
7 tr, where TTn(k)((j))(k') = cf>(k'k), and the dimension of this representation 
is [K : Ko(p n )\ = p n ~ 1 (p+ 1). It follows from Frobenius Reciprocity that 
every (smooth) irreducible representation of K which has a nonzero Ko(p n ) 
fixed vector is isomorphic to a subrepresentation of I(n). We shall therefore 
decompose /(n) into sum of irreducible representations. 

The following lemma is clear. 

Lemma 3.14. We have I(n) K °^ pn) = H(K//I\o(p n )) and consequently the 
dimension of /(n) A °^ p "^ is n + 1. 
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Using induction argument and Frobenius reciprocity we obtain following 
well-known results. 

Proposition 3.15. The representation I(n ) is a sum ofn + 1 distinct irre¬ 
ducible representations. 

Corollary 3.16. Let n > 0. There exists a unique irreducible representation 
<j(n) of K such that cr(n) has a I\o(p n ) fixed vector and such that cr(n) does 
not have a Ko(p k ) fixed vector for k < n. Further, a(n) has a unique lto(p n ) 
fixed vector up to scalar multiplication and the dimension of <r(n) is given 
by: dim(a(0)) = 1, dim(a( 1)) = p and dim(a^i)) = p n ^ 2 {p 2 — 1) for n > 2. 

We have the following theorem of Casselman. 

Theorem 7. (Casselman [2] j Let ( 7 r, V) be an irreducible admissible rep¬ 
resentation of G = GL 2 (Q P ) with trivial central character. Let n be the 
minimal integer such that there exists a nonzero Kfip 71 ) fixed vector in V. 
Then this vector is unique up to a scalar. 

We shall now explicitly describe the irreducible subrepresentations of I(n). 
Let us consider the action ttl of H(K//Ko(p n )) on J(n): 
for / € H(K // I\o(p n )) and f> £ I (n) set 

^(/X^XsO = [ f {k)fi{k~ l g)dk for all g £ K. 

Jk 

In particular, if f £ /(n) Ao ^ p ’^ which by Lemma [3.141 is same as the algebra 
H(K//Ko(p n )) then we have i tl(/)(^>) = /*</>. It is easy to check that the 
action 7 tl commutes with the action 7tr. It now follows by Schur’s Lemma 
that for each / € H(K//Ko(p n )) the operator 7 i\l(/) acts as a scalar operator 
on an irreducible subrepresentation of I (n). We shall use this to distinguish 
the irreducible components of L{n) as follows. 

If a is any irreducible subrepresentation of L(n) then a contains a Ko(p n ) 
fixed vector, that is there exists a non-zero vector v a £ a D I{n) K °^ pn \ Thus 
v a is a linear combination of Uo and y r for 1 < r < n. Since 7 tl(/) acts as 
a scalar for every / £ H(K//Ko(p n )) the vector v a will be an eigenvector 
under the action of itl(Uo) and 7 r l(W) for all 1 < r < n. For each a we 
can compute these eigenvectors v a and their corresponding eigenvalues using 
the relations in Corollary 13.111 and Proposition 13.121 In fact we obtain the 
following proposition. 

Proposition 3.17. A basis of eigenvectors for H(K//Ko(p n )) under the 
above action is given by: 
v\ =Uq + Ti 
v 2 = U 0 - pTi 

Wk = Tfc - pTfc+i for 1 < k < n - 1, 

with eigenvalues given by the following table: 

where each entry of the table at the intersection of the row v and coloumn F 
stands for the eigenvalue of the action of F on v, for example, IAq*v\ = p n v\. 
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Uo 

Ti 

y 2 

y 3 

... y k 

... y n ~i 

y n 

Vi 

p n 

pH—1 

CO 

1 

e 

pH ^ 

pU—k 

p 

1 

V2 

_ p n-l 

p n-l 

p n 2 

pH —3 

p n-k 

p 

1 

W\ 

0 

0 

p n ~ 2 

pH 3 

pji—k 

p 

1 

W 2 

0 

0 

0 

TS 

3 

1 

CO 

pji—k 

p 

1 

w k 

0 

0 

0 

0 

p n-k 

p 

1 

W n -2 

0 

0 

0 

0 

0 

p 

1 

Wn-1 

0 

0 

0 

0 

0 

0 

1 


Corollary 3.18. The representation I(n) is a sum of n + 1 irreducible sub¬ 
spaces given by: S\ = Span(7r^(A')?;i), S 2 = Span(7TR(/\ )v 2 ) and Tk = 
Span(7 TR(K)wk) where 1 < k < n — 1 such that dim(Si) = 1, dim(S 2 ) = p, 
dim(Tfc) = p k ^ 1 (p 2 — 1). By Corollarv \3.16l T n _ 1 = a n and hence is the 
unique irreducible representation of K such that T n -\ has a J\o(p n ) fixed 
vector w n -\ but does not have Ko(p k ) fixed vector for k < n. 

Proof. It follows from the above table that the set of eigenvalues for vectors 
Vi for i = 1,2 and Wk for 1 < k < n — 1 are distinct and hence each of them 
lies in an irreducible component. To finish the proof we need to compute 
the dimensions, for which we shall need the following lemma. A statement 
similar to this lemma appears in [7j. 

Lemma 3.19. The operators and 7Ti(V r ) for 1 < r < n — 1 have 

trace zero. 

Proof. For g £ K, let fi g be the characteristic function of Ko(p n )g , then /(n) 
as a complex vector space has a basis consisting of (j> g as g varies over the right 
coset representatives of K modulo I\o(p n ). Thus to prove lemma it is enough 
to show that TTL(Uo)(<f g )(g) = TTL(V r ){(t> g ){g) = 0 , we will show it for V r , for 
Uq the same argument works. It is easy to see that 7 r^(V r )( 0 fy ) is supported on 
Ko(p n )y{p r )K 0 {p n )g. So if n L {V r ){(j>g)(g) 0 then g € K 0 (p n )y(p r )K 0 (p n )g 
which is impossible as I\o(p n ) 7 ^ Ko(p n )y(p r )Ko(p n ). □ 


Using table in Proposition 13.171 it is easy to obtain following table where 
we consider the action of Uo, Vi, V 2 , ..., V n _i instead: 

Let d\ , d‘2 , ..., d n+ i be the dimension of Si, S 2 , ..., T n _i respectively. 
Then using Lemma 13.191 and above table we have following system of linear 














14 


EHUD MOSHE BARUCH AND SOMA PURKAIT 




Vi 

V k 

•.. Vn-2 

Vn-1 

V\ 

p n 

p n ~ 2 (p — 1) 

... p n - k — 1 (p — 1) 

... p(p- 1) 

p — 1 

V 2 

_ p n-i 

p n ~ 2 {p — 1) 

... p n ~ k ~ 1 (p — 1) 

... p(p- 1) 

(p- !) 

Wl 

0 

- p n ~ 2 

... p n ~ k ~ 1 (p — 1) 

... p(p- 1) 

ip- 1 ) 

w 2 

0 

0 

... p n ~ k ~ 1 (p — 1) 

... p(p- 1) 

ip- 1 ) 

Wk 

0 

0 

_ pTi—k—1 

... p(p- 1) 

ip- 1 ) 

W n -2 

0 

0 

0 

-p 

ip- 1 ) 

W n -l 

0 

0 

0 

0 

-1 


equations: 

p n d l -p n - 1 d 2 = 0 
p n - 2 {p-l)d 1 +p n -\p-l)d 2 -p n - 2 d 3 = 0 


p n k 1 (p- l)(di +d 2 + d 3 H- hd k+ i)-p n k l d k+2 = 0 


(V — l)(^i + d 2 + c?3 + • • • + d n ) — d n +i 
d\ + d 2 + ■ ■ • + d n —i 


0 

P n ~\p+ 1) 


solving which we get the dimensions. 


□ 


4. Translation from the adelic setting to the classical 

SETTING 

In this section following Gelbart [4] we shall review the connection between 
automorphic forms and classical modular forms and use this connection to 
translate the adelic operators of the previous section into their classical coun¬ 
terparts and thereby obtaining relations satisfied by them. 

Let HI be the upper half plane and Goo = GL 2 (K) + . Then Goo acts on HI 

G Goo an d z G HI define 

j(g,z) = det(g)~ 1/2 (cz + d), 
for / functions on HI define the slash operator \ 2k g by 

f\2k9 = j(9, z)~ 2k f ( a ~ • 

\cz + d J 

Let A = Aq be the adele ring of Q and Z& denotes the center of GL 2 (A). 
Let N be a positive integer. We let I\i = GL 2 (Zj) for a prime l not dividing 
N and let K p = Ko(p a ) for a prime p such that p“||lV. Let Kf be the 


in a standard way. For g = 
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subgroup of GL 2 (A) defined by 

Kf(N) = n K q . 

q<o o 

By the strong approximation theorem we have 

GL 2 (A) = GL 2 mG 00 Kf(N) 

We denote by A 2k (N) the space of functions T : GL 2 (A) —> C satisfying the 
following properties: 

(1) $(7 zgk) = <&{g) for all 7 € GL 2 (Q), z e Z A , g e GL 2 (A), k G 
Kf(N). 

(2) $(gr(d)) = e~ i2ke <S>(g) where r(0) = G SO(2). 

(3) $ is smooth as a function of G 0a and satisfies the differential equation 
All? = — k{k — 1)4? where A is the Casimir operator. 

(4) 4>gL 2 (Z a GL 2 (Q)\GL 2 (A)). 

(5) 4> is cuspidal, that is Jq\ a 4? g^j da = 0 for all g G GL 2 (A). 

By Gelbart |4J Proposition 3.1] there exists an isomorphism 

A 2k (N) ->• S 2k (T 0 (N)) 
given by 4? 1— > /$ where for zGi, 

U(z) = <S>(goo)j(goo,i) 2k 

where G G 0 0 is such that goo{i) = 2 . The inverse map is given by / 1 —> 4?j 
where for g G GL 2 (A) if g = 'ygook (using strong approximation), 

&f(g) = /(ffoo(*))j'(ffoo,*) _2fc - 

This isomorphism induces a ring isomorphism of spaces of linear operators 
by 

q : End c (A 2 ,.(JV)) -7 End c(S 2k (T 0 (N))) 

given by 

q(T)(f) = f n * f y 

Let N = p n M where p is a prime coprime to M and G = GL 2 (Q p ). 
We note that the H(G//Ko(p n )) is a subalgebra of Endc(A 2 fc(A)) via the 
following action: 

for T G H(G//K 0 (p n )) and <f> G A 2k (N), T($)(g) = [ T{x)$>(gx)dx. 

Jg 

Remark 3. We note that ifpi andp 2 are distinct primes then the operators 
T\ G H{G // Ko(pi)) and T2 G H(G // Kq(p 2 )) in Endc(A 2 fc(JV)) commute, 
that is, TioT 2 = T 2 oTi. 

Then we have following propositions. 

Proposition 4.1. Let N = pM such that p \ M and f G S 2 k(To(N)). For 
71, U\ G H{G // Ko(p)) we have 
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(1) 9(Ti)(/)M = V~ k ES /CO + «)/p). 

(e) q(Ui)(f)(z) = f\ 2t (z) where p 2 P - N~/ = p. 

Proof. For <L G A 2 k{N) we have using Lemma 13.41 

7i($)(g) = / X d(p)( x )<f>(gx)dx = / <&{gx)dx 

JG JK 0 d(p)K 0 


p -1 

£ 


p -1 


=0 J x{-s)d(p)K o 


<$>{gx) = ^2$(gx(-s)d(p)), 


s =0 


and 


Ui{$)(g) = / X w(p) (x)^>(flfx)(ix = / = $(cpn(p)). 

/G Jw{p)Kq 

Hence for (1) we get 

p -1 

<7(Ti)(/)(z) = = '^2^f(g 00 x{-s)d(p))j{g 00 ,i) 2k , 


s=0 

where G Gqq such that gooi = z. Since is invariant under left multi¬ 
plication by rational matrices, multiplying by 7 = d(p _ 1 )x(s) G GL 2 (Q) we 
obtain 

$ f(goox(-s)d(p )) = ^/(^(^r 1 )^)^ • fc/) = <f> / (d(p _ 1 )x(s)5oo) 

where kf G Kf(N) has 1 in the p-th place and d(p _ 1 )x(s) in g-th place for 
any finite prime q p. Thus, 


p -1 


p - 1 


g{Ti){f){z) = J2*f(d(p 1 )x(s)g 00 )j(g 00 ,i ) 

p-i 


2fc 


s=0 


^2f{d{p 1 )x(s)z)j(d(p ^(s),^) 2fc =p k ^2f((z + s)/p). 

pP i N 


s=0 


s=0 


For (2), let W p = 


iVy p 


be a matrix of determinant p. As before, 


multiplying goow{p ) by W p z(p *) G GL 2 (Q) we get 

q(Ui)(f)(z) = ®f(goow(p))j(goo,i) 2k = t&fiWpzip-^goo ■ k f )j(g 00 ,i) 2k 

where kf has p-th component W p z(p~ l )w{p) G K p and for prime q 7 ^ p has 
g-th component W p z(p _1 ) G /F g , that is kf G Kf(N). Thus, 


q{Ui){f)(z) = HW p z)j(W p ,z)~ 2k = f\ 2k W p (z). 


□ 
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Remark 4. The operator q(U l) is the usual Atkin-Lehner operator W p while 
the operator q( 71) is the operator U p = p l ~ k U p where U p is the usual Hecke 
operator, sometime also denoted as T p (Refer to jT] and [8] for more details). 
It is obvious that q{Z) is the identity operator. 

Let Q p = q(U{)) where Uq £ H{G//Kq{p))- Then using Lemma [3751 we 
have 


Corollary 4.2. Q p = p 1 k U p W p and ( Q p — p)(Q p + 1) = 0. 

Proposition 4.3. Let N = p n M where n > 2 and p \ M. Let f £ 
S 2 k(To(N)). For 71, U m , V r £ H (G / / Ko(p n )) where 1 < r < n — 1, m < n 
we have 

(1) q(Ti)(f)(z) = p~ k J2 P sZl /((* + s)/p ) = U p (f)(z). 

(2) Iff £ 5 2 fc(r 0 (p r M)) where r < n then q(U r )(f)(z) = p n r f\ 2 kW p r(z) 

f P r /3 1 \ 

where W p r = I ^rj an integer matrix of determinant p r . 

In particular, q(U n )(f){z) = f\ 2 kW p n(z) where W p n is the Atkin- 
Lehner operator on S 2 k(To(N)). 

(3) q(V r )(f)(z) = J2 s€Z*/i+ p n ~ r z P fhkA s where A s £ SL 2 (Z) is any ma¬ 
trix of the form pU _^ s _ gM ) . 

(4) f £ S 2 k{r 0 (p r M)) then q(V r )(f) =p n ~ r ~ 1 (p- 1 )f, consequently, 

q(y r )(f)=P n - r f- 


Proof. The proof of (1) is as in Proposition 14.11 The proof of (2) is similar, 
using decomposition in Lemma 13.131 we have for r < n, 


P n ~ r -i 

U r (^)(g) = Y ${gx(s)w(p r )). 

s =0 


Let / € S 2k (T Q (p r M)) and Wpr 
determinant p r . Then, 


( P r P 

\p r M-f 



be an integer matrix of 


p n ~ r -1 

q(Ur)(f)( z )= Y ®f( 9 o 0 x(s)w(p r ))j(g 00 ,i) 2k 

s=0 

where z = gooi • Since £ A 2 k{p r M) multiplying g 00 x(s)w(p r ) by the 
matrix W p rz(p~ r )x(—s) £ GL 2 (Q) we get that, 

$ f(goox(s)w(p r )) = Qfihookf) = ®f{h 0Q ) 

where hoo = z(p~ r )W p rx(—s)g OQ £ G aQ and kf £ Kf(p r M). Since f\ 2 kW p r € 
S 2k (T 0 (p r M)), 


q{U r ){f)(z) 


P n ~ r -1 

Y fUkW p rx(~s)(z) 


s=0 


= p n ~ r f\2kW p r( Z ). 
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For (3), if $ € A 2k (N) then using Lemma [3771 and [3TTTT1 we have 
Vr($)(s) = f x y(pr)®(9 h )dh = Y ®(9d(s)y{p r )). 

G s£Z*/l+p n ~ r Z p 

Let z E H be such that z = (foo* for some E Goo. Then, 

Q(yr)(f)(z)= Y $f( 9 o 0 d(s)y(p r ))j(g 00 ,i) 2k . 
sGZ*/l +p n ~ r Zp 

By the strong approximation, g OQ d(s)y(p r ) = Af 1 h 00 kf for some A s E 
GL 2 (Q), /too £ Goo and kf E Kf(N). So we need A s E GL 2 (Q) such that 
A s d(s)y(p r ) belongs to Ko(p n ) and A s belongs to K q for q ^ p. So we must 
choose A s with determinant 1. For any s E Z*, we have gcd (p r M,p n ~ r — 
sM ) = 1, so there exists integers a s , b s such that a s (p n ~ r —sM) — b s p r M = 1. 
Take 

= (j‘ M p--' - sm) £ SL ^). 
then A s belongs to K q for q ^ p and 

A,i(s)v{f) = (“■ p rJ‘_ sM ) € K 0 . 

Thus 

$f( 9 ood(s)y(p r )) = f(A s z)j{A s ,z)~ 2k j(g 00 ,i)~ 2k , 

and so 

9(Vr)(/)(«)= Y f( A s z )j(A s ,z)~ 2k = Y fU a (z). 
sez;/i+p™- r z P sez*/i+p n - r z p 

Thus if / E S 2k (T 0 (p r M)) then q(V r )(f)(z) = p n ~ r ~ 1 (p — 1)/. Further, 


q(yr)(f) 


n— 1 


f + Y E f\ 2k 

j=r seZ*/l+p n ~iZ p 


( Fs. J /ts. J 

\p>M p n ~i — sM 


n— 1 

= / + E^- 1 )p n_i " 1 /=p ri "7, 

j=r 

proving (4). □ 

Let N = p n M with p and M coprime and n > 2. Let Q p m = (U p ) m W p m 
for m < n where W p m is the Atkin-Lehner operator on S 2 k (r 0 (p m M)). Using 
Lemma [3.131 and Propositions 14.31 and 13.12l we have 


Corollary 4.4. For Uq E H(G//Kq(p 71 )), we have Q p n = qiUo) and hence 
Q p n(Q p n — p n )(Q p n + p n ~ l ) = 0. Further for m < n we have Q p n = 
( Up) m q(Um ), hence if f E S 2 k (T 0 (p m M)) C S 2 k (T 0 (N)) then Q p n(f) = 
P n - m Q p m(f). 

Let S p n }T = q{y r ) where y r E H(G//Ko(p n )), 1 < r < n. Using relations 
in Corollary 13.111 we have 
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Corollary 4.5. S p n r ^S p n r — p n r ) = 0 for 1 < r < n. 


5. Eigenspaces of classical operators and the 

CHARACTERIZATION OF THE NEW SPACE. 


Let N be a positive integer. In this section we shall look at the classical 
operators on S 2k (To(N)) that come from the adelic Hecke algebra via the 
isomorphism 

q : End c (A 2fc (iV)) End c (S 2k (T 0 (N))) 

and study their eigenspaces. We shall prove the theorems stated in Section [2] 
including our main result Theorem [3] 


5.1. N square-free. Let IV be a square-free positive integer and S be the 
set of prime divisors of N. Let p £ S. Recall that for Uq, IA\ , and 71 £ 
H(G//Kq(p )) we respectively obtained the classical operators Q p , W p and 


U p where 


p -1 


Up(f)(z) = P k f(( z + s )/ p )> 

s=0 

W p (f)(z) = f\ 2k (jf^ 0) where p 2 fi -Nj = p, 


p -1 


Q p (f)(z) = U p W p (f)(z) = p~ k £ W p (f)((z + s)/p), 


s =0 


and 


(Qp-P)(Q P + 1 ) = 0 . 

For N, d any positive integers recall the shift operator V(d) : S 2 k(To(N)) 

f d 0 N 
0 1 


S 2 k(To(dN)) given by V(d)(f) = d k f\ 2k "J. It is well known [1] that 
the old space 

St(T 0 (N)) = 0 V(d)S^(T 0 (M)) 

dM\N, M+N 

= 5 2*(r 0 (N/Pi)) + v( Pi )s 2k (r 0 (N / Pi )). 

Pi&S 

We will consider the action of Q p on each of the above summands. 


Lemma 5.1. Let f £ Sf™ (To(N)) be a new form. Then Q p (f) = — f, that 
is, S%*(r 0 (N)) is contained in the —1 eigenspace of Q p . 

Proof. By [lj lemma 18], S , 2 | w (To( 1V)) has a basis of primitive forms, so we 
can assume that / is primitive. By [lj Theorem 3], W p (f ) = A (p)f for some 
A (p) = ±1 and U p (f) = —A {p)p k ~ 1 f- Since Q p = p 1 ~ k U p W p the result 
follows. □ 


Write N = pM where M is a square-free integer coprime to p. 
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Lemma 5.2. Let f be a form in S 2 k(T'o(M)) C S 2 k(Xo(N)). Then Q p (f) = 
Pf- 


Proof. Since ( Jj- M € To(M) we have 


W p (f)((z + s)/p) =p"(N~/(z + s)/p + p) '/ 


— 2 k t ( PP( Z + s)/p+ 1 


Nj(z + s)/p + p 


= p k (Mj(z + s) + p)~ Zk f 


-2k t { P( z + s) + 1 


M'y(z + s) + p 


=p k f I 


2k 


P 1 

M'y p 


(z + s) = p k f(z + s) = p k f(z) 


Hence 


p-i 


Q P {f)=P k ^2w p {f)((z + s)/p)=pf(z). 


s=0 


□ 


Next we consider action of Q p on the old subspace V (p)(S 2 k(To(M))). 

Lemma 5.3. Let f <E S 2 fc(r 0 (M)) and. g(z ) = f{pz) € V(p)(S 2 k{ r 0 (M))). 
Then 

Qr(g)=P 1 - 2 %(f)-g, 

where T p is the usual Hecke operator on <S , 2 fc(ro(M)). 

Proof. Note that from |lj Lemma 14], 

p -1 

p 1 ~ 2k T p (f) = f(pz) +p~ 2k ^2f((z + s)/p). 


s=0 


As before we have 


(r„( 9 )((3 + s)/p) = /(JV 7 (z + »)/p + p) 2t g ( ^ ( ( 7a)/p + fi 

+.)+„)-»/( 777,7 ) 

\M^(z + s)+p ) 

= p-‘(M 7 (z + »)/p + !)-*/'' I ’ ,S(2 + 5) ' ,p + 1 
= P“ fc /| 


2fe 


p/3 1 

M 7 


M^(z + s)/p+l 

(0 + s)/p) = P~ k f(( z + s)/p) 


since 


p/3 1 

M 7 1 


e r 0 (M). Thus 


p-i 


Q P (g){z)=p 2 fc J^/((* + s )/p) =p 1 2 kT pif)-g- 


s=0 


□ 
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Let Xp := S' 2 fc(ro(Af))©y(p)S , 2 fc(r 0 (M)) be the subspace of 5 2 fc(r 0 (iV)). 
Corollary 5.4. Q p stabilizes X p and the —1 eigenspace of Q p inside X p 

1_2 k 

consists of forms h(z) = - 2 ^ r T p {f)(z) + f(pz ) where f G 5 2fc (r 0 (M)). 

Proof. Let h G X p be an old form. Then h can be uniquely written as 
h(z) = fi(z) + g(z) where g(z) = f(pz) for some /, f_ 1 € 5 2fc (r 0 (M)). By 
Lemma [5.21 and Lemma [5.31 we have Q p (h) = pf\ + p 1-2fe 2],(/) — g which is 
clearly in X p . 

Further since the above decomposition for Q p (h ) is unique, if fi(z)+g(z) is 

1 —2fc 

an eigenfunction of Q p with g ^ 0 then Q p (h ) = —h and fi = — p p _± T p (f). 

1_2 k 

Hence —1 eigenspace of Q p consists of forms h{z) = — v p+l T p (f)(z) + f(pz) 
for some / G <S' 2 / C (□ 

From Lemma [5.21 and Corollary 15.41 to obtain following proposition. 

Proposition 5.5. The p eigenspace of Q p in X p is S' 2 fc(ro(Af)). 

Next consider the operator Q' p = W p U p . So, Q' p = W p Q p W ~ 1 = W p Q p W p 
and Q' p satisfies the equation (Q p — p)(Q p — 1) =0. Note that / is an 
eigenfunction of Q p with eigenvalue A if and only if W p (f) is an eigenfunction 
of Qp with eigenvalue A. Since the action of Atkin-Lehner operator W p on 
the space of new forms is surjective, Q' p acts with the eigenvalue —1 on the 
space of new forms. We have the following lemma. 

Lemma 5.6. Let f G <S' 2 fe( To(M)). Then W p (f)(z) = p k f(pz). Further if 
g = f{pz), then W p (g)(z ) = p~ k f(z). Consequently W p maps 5 2 fc(Fo(M)) 
onto V(p)S 2 k(Fo(M)), so V(p)S 2 k(Fo(M)) is contained in the p eigenspace 
of Q' p . Further Q' p preserves X p and the p eigenspace of Q' p in X p is the 
space V(p) (S 2 k (r 0 (M)). 
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Hence W p {X p ) = X p and so Q' p preserves X p . It now follows from Proposi¬ 
tion ^.5l that p eigenspace of Q' p in X p is precisely the space V(p)(S 2 k(To(M)). 

□ 


We shall need the following proposition. 

Proposition 5.7. The operators Q p = U p W p and Q' p = W p Q p W p 1 are 
self-adjoint with respect to Petersson inner product. 

Proof. Recall that U p = p l ~ k U p = p^~*T p where T p is the usual Hecke 
operator on S 2 k(To{N)). Following Miyake pH Page 135] 

r p = r 0 (iv)(j °)r 0 (AO 

and for / <E S 2k (T 0 (N)) 

/ \ p 1 / \ 

T P (f) = fhkT 0 (N) (J “)r 0 (JV)=p t - 1 ^/| 2t (J "*). 

Further, 

T; = Fo(A0 (j } J)r o(N) 

and 

t ; u ) = /hr„(iv) ( p 0 “ m Y 

Thus for /, g G S 2k (T 0 (N)), by |8, Theorem 2.8.2], (T p (f), g) = (/, T*(g)). 

The Atkin-Lehner operator W p acts by a matrix such that 

p 2 /3 — N-y = p. We want to show that the following diagram commutes: 


S 2k {T 0 {N)) — > S 2k {T 0 (N)) 


w p 

S2k(T 0 (N)) 


Wp 

^ S 2 k(To(N)) 


We have 


( 2 ) 


f\2kW-%w p = /| 2 fcW p “ 1 r 0 (iv) 

= f\2kTv{N)W~ l 


°) ro(iv)VF P 

°) Wpro(iv) 


since W p r 0 (A^)VF- 1 = r 0 (!V). 
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We claim that Fo(-/V)bF p 1 


note that 


1 0 
0 p 


W P T 0 (N ) = r 0 (AO 


p 0 
0 1 


T 0 (N). We 


W. 


-l 


1 O'. T „ 

0 P w - = 


p[3 — N'y 


1 ~P 

N'y 


—N'y (3 + pN 7/3 --^ + /3p‘ 


Choose t G Z such that t = (3M 1 (mod p) and consider the matrix 
^ J) in r 0 (7V). Then, 


W~ 


/I 0 


0 


1 0 
AT 1 


p 0 
0 1 


-1 


( p/3 -N'y 1 - p \ (J o\ 

- 1 v -.v 7 5_ p .v 7 5 + lj 

( * *\ 

-N'y + ^7/0 + PpNt *J G r ° (iV) - 

Hence W^ -1 ^ ^ W p G To(A^) ^ ^ To (.IV) and our claim is proved. 

Thus from ©, we have f\ 2k W~ x T v W v = /| 2 *r 0 (iV) (jj ^ T 0 (N) = 
T*(f). Using this we get that 

(Qp(f), g)=P 1 ~ k (TpW p (f), g) 

= p 1 ~ k (W p (f), T*(g)) 

= p 1 - k (Wp(f), W p T p W~\g)) 

= p 1 ~ k (f, T p W-\g)) 

= p 1 ~ k (f, T p W p (g)) = (f, Q p (g)), 

since W p is self-adjoint and it is an involution on S 2 k(Xo(N)). Hence Q p and 
consequently Q' p are self-adjoint. □ 

We now restate Theorem Q] and prove it below. 


Theorem 8. Let N = P 1 P 2 •••p r with py distinct primes. Then the space of 
new forms is the intersection of the —1 eigenspaces of Q Pi and 

Qp. as 1 < i < r. That is, f G S^/ToiN)) if and only if Q Pi (f) = -f = 

Q P ,(f) f° r all3<i<r. 

Proof. We have already seen that if / G <52fc(ro(AQ) then Q Pi (f ) = — / = 
Q' Pi (f) for all 1 <i<r. 

Further it follows from Proposition 15.51 and Lemma 15.61 that for each py, 
the subspace S 2 k(^o{N/pi)) is contained in the pi eigenspace of Q Pi and 
V(pi)S 2k (r 0 (N/ Pi )) is contained in the pi eigenspace of Q p .. 
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Suppose / € S 2k ( r 0 (iV)) is such that Q Pi (f) = -f = Q' Pi {f) for all 
1 < i < r. Since Q Pi and Q p . are self-adjoint operators on S 2 k{To(N)) we 
get that pj eigenspaces of Q Pi and Q' p . are respectively orthogonal to — 1 
eigenspaces of Q Pi and Q p .. Hence / is orthogonal to S 2 k(Fo(N/pi)) and 
V(pi)S 2 k(T 0 (N/pi)) for all 1 < i < r. Thus / is orthogonal to the old space 
S 2 k(. r o(N)), that is / £ S^(T 0 (N)). □ 

5.2. General case. Let N be a positive integer and p be a prime such 
that p n strictly divides N, that is N = p n M for some positive integer M 
where M is coprime to p. Let n > 2. Recall that for Uq, U n . 71 and 
y r € H(G/ / Ko(p n )) where 1 < r < n, we respectively obtained the classical 
operators Q p n, W p n, U p and S p n r where U p is as before and 

Wpn (/) = f\ 2 k p r2j where p 2n j3 - N-f = p n , 

Q P n (f) = (U p ) n W p n(f), 

and 

n —1 

S p *,r{f) = f+^2 ^2 fhk-A-sj, where A sJ = 

j=r s£Z*/l+p n -iZp 

is a matrix of determinant 1. Further we have 

Q p n(Q p n — p n )(Qp n + p n 1 ) = 0 , S p n^ r (S p n r — p U = 0 . 

We have the following lemma. 

Lemma 5.8. For 1 < r < n, a set of right coset representatives for Tq(N) 
in To{p r M ) consists of the identity element and elements of the form 

A s,j = p n-j S ^ sM ^j ^ere r < j < n - 1 and s £ Z£/l + . 

Proof. First we check that the right cosets Tq(N) and Tq(N)A s j where j, s 
varies as above are mutually disjoint. For any such j and s clearly A SJ £ 
r 0 (p r M) \T 0 (N), hence Tq(N)A s j and Fo(iV) are disjoint. 

Now for any r < i, j < n — 1 we have 

T 0 (N)A sJ = T 0 (N)At ti <=> p i M(p n ~ i -tM)-p i M{p n - j -sM) € p n MZ p . 

Now if i / j, say i > j then the equality of the above two cosets implies that 
—tM £ pL p leading to a contradiction. 

Similarly, for r < j < n — 1 we have 

T 0 {N)A sJ = T 0 (N)A tJ «=► p j M(p n ~ j -tM)-p j M{p n ~ j - sM) € p n MZ p 

t = s (mod p n ~^T, p ) t = s £ Z*/(l + p n ~^Z p ). 

Hence all the right cosets listed are mutually disjoint. 

It is well known that [Fo(p r M) : To(TV)] = p n ~ r ( 0 Theorem 4.2.5]). 
Since we have already checked that the right cosets Tq(N), Tq(N)A s j where 


( as 'i hs 'i \ 
\p>M p n ~ J — sM J 
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j, s varies as above are mutually disjoint and since there are exactly p 
them the lemma follows. 


,n-r of 
□ 


Lemma 5.9. For 1 < r < n, the operator S p n r takes the space S 2 k(To(N)) 
to S 2k (T 0 (p r M)). 

Proof. Let / € S 2 k (To (IV)). By the above lemma, the identity element and 
A s j for r < j < n — 1 and s € Z*/1 + p n ~ 3r L p constitute a set of right coset 
representatives for To (IV) in To(p r M). It follows by [l, Lemma 3] that 

71—1 


5, 


p ,r 


(/) = / + E E flnAsj € S 2k (T 0 (p r M)). 

j=r s &*/ l + p n - iZ p 


□ 


Corollary 5.10. For 1 < r < n, the p n r 
the subspace S 2k (To(p r M)). 


eigenspace of S p n r is precisely 


Proof. It follows from Proposition 14.31 that S 2 k(Fo(p r M)) is contained in 
the p n ~ r eigenspace of S p n^ r . Let / € S 2 k(Fo(N)) be such that S p n^ r (f) = 
P n ~ r (f )• By Lemma [5.91 S p n r (f) belongs to S 2 k(To(p r M))- Thus / € 
S 2 k (T 0 (p r M)). ’ □ 


Proposition 5.11. Let 1 < r < n. Then for each r < a < n, the space 
S 2 k W (^o(p a M)) is contained in the 0 eigenspace of S p n }T . 

Proof. Let q be any prime that is coprime to N, then the Hecke operator T q 
on S 2 k(Fo(N)) corresponds to 7( 9 ), the characteristic function of the double 
0 ^ 


coset GL 2 (Z g 


0 1 


GF 2 (fL q ) in the g-adic Hecke algebra iL(GL 2 (Z 9 )). 


Since y r = y r ( p ) belongs to the p-adic Hecke algebra H(Ko{p n )), it follows 
from Remark [3] that the operators 7( 9 ) and y r ( P ) commute and hence the 
operators S p n^ r and T q on S 2 k(Fo(N)) commute. 

Let r < a < n and / € Slff™ (To(p a M)) be a primitive form. Thus / is an 
eigenform with respect to T q for any q coprime to N. Now since S p n^ r and 
T q commute we get that S p n^ r (f) is also an eigenfunction with respect to all 
such T q having the same eigenvalue as /. 

By Corollary 15.91 S p n. r (f) € 52fc(To(p r M)) and as r < a, it is an old 
form in the space S 2 k(F o(p a M)). It now follows from jlj Lemma 23] that 
S p n,r(f) = 0. 

The proposition now follows since Slf™ (To (p a M)) has a basis of primitive 
forms. □ 


y> 


v p ' 1 S p n 


rW ~ n 1 = W p nS p n 


r W„n . Then 


Next consider the operator S p n r = W p 

clearly satisfies the equation S' p n r {S' p u r — p n ~ r ) = 0. Since the action 
of Atkin-Lehner operator W p ™ on the space of new forms is surjective, in 
particular we get that the space Slf™(To(N)) is contained in the 0 eigenspace 
of F p T'. n _j ■ We have the following lemma. 
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Lemma 5.12. For 0 < r < n, the operator W p n maps S2k(J'oip r M)) 


onto V(p n r )S 2 k(To(p r M)) and takes the new space S^ w (To(p r M)) onto 
V(p n - r )S^(T 0 (p r M)). 

Further, W p n maps the space V(p r )S 2 k(To(M )) onto V(p n r )S 2 k(J'o(M)). 
Consequently for 1 < r < n, the p n ~ r eiqenspace of S' n _ is precisely the 
space V(p n - r )S 2 k(T 0 (p r M)). 

Proof. Let r > 1 be as above. Let / £ S 2k (T 0 (p r M)). Then, 



which clearly belongs to V(p n r )S2k(^o(p r M)). 

Note that since W p r is an involution on S 2 k{^q{p r M)), it is a surjection, i.e 
any / £ S 2k (To(p r M)) is of the form f'\ 2 kW p r for some f £ S 2 k(T o{p r M)). 
Let g(z) = f(p n ~ r z ) where / € S 2 k(Fq{p r M)). Then by above computation, 

9(Z) = f'\2kW p r(p n - r z)=p^ k W p n(f')(z). 

Thus W p n(g)(z) = p(r-n)fc(//)( z ) = p(r-n)*f\ 2k W p r(z). 

It is clear from above, that if / € 5 2 fc(M) then W p n(f)(z) = p nk f(p n z) 
and conversely if g = f(p n z) then W p n(g) = p~ nk f, proving the statement 
for r = 0. Moreover Atkin-Lehner involutions W p r are surjection on new 
spaces and hence takes 5^"(T o(p r M)) onto V(p n ^ r )Sf^ w (TQ(p r M)). 

The proof of the second statement follows similarly. For the final state¬ 
ment let 1 < r < n. Now h is in the p n ~ r eigenspace of S p n r if and only if 
W p n{h ) is in the p n ~ r eigenspace of S p n^ r . By Corollary 15.101 this is same as 
W pn (h) £ S 2k (T 0 (p r M)), that is h £ v{p n - r )S 2k {T 0 {p r M)). □ 

Applying above results to the case r = n— 1 we have the following corollary. 

Corollary 5.13. The space S 2 k(^o(p n ~ l M)) is the p eigenspace of S p n t n—i 
andV(p)S 2 k(To(p n ~ l M)) is thep eigenspace of S’ pn n _ 1 . Moreover, the space 
'^ 2 fc W 0 (-^0) is contained in the intersection of the 0 eigenspaces of 
and Spn 

Next we have the following proposition. 

Proposition 5.14. The operators S p n n _\ and S' pn n _i are self-adjoint with 
respect to Petersson inner product. 

Proof. Since >Syyn-i = I + g(V n _i), it is enough to prove that q(V n -i) on 
S 2k (T o(A’)) is self-adjoint. Recall that 



p -1 
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By [3 Theorem 2.8.2], (q(V n -i){f),g) = (/, Z)s=i 9 kkA s 1 ). We claim that 
for any / <E S 2 fc( r o( N)) we have ^=1 /knA = J2t= l fUk^ 1 - Note that 
for each 1 < t < p — 1, the choice of at is unique mod p. Let 1 < s < p — 1 
be such that s = atM~ l (mod p). As t varies from 1 to p — 1, so does s. 
Now it is easy to see that 

s = a t M~ l (mod p) «=> A s A t E T 0 (N) «=> f\ 2 kA s = f\ 2 kAf 1 , 
proving our claim. Thus 

(q(V n -i)(f),g) = {f,q{V n -i)g), 

and so S p n n _i is self-adjoint. Since the Atkin-Lehner operator W p n is self- 
adjoint, it follows that S pn n-1 is also self-adjoint. □ 

Now we restate and give a proof of Theorem [3] of which Theorem 2’ is a 
particular case. 

Theorem 9. Let N = P 1 P 2 ■ • • p r q j* 1 ^ 2 ''' if 3 w ^ Pi an d Qj distinct primes 
and a.j > 2 for all 1 < j < s. Then the space of new forms Slf ™(To (IV)) 
is the intersection of the —1 eigenspaces of Q Pi and Q' p . as 1 < i < r and 
0 eigenspaces of S q /»j , Q) _i and S' aj a ._ l for all 1 < j < s. That is, f E 
S 2 k W ( T o( N )) if and only if Q Pi (f) = -f = Q p .(f) for all 1 < i < r and 
S q j a i,c* j - 1 (/) = 0 = f° r aU 

Proof. We have already seen one side implication. Conversely suppose / E 
<S , 2 fc(ro(A r )) is such that Q Pi (f ) = — / = Q Pi (f ) for all 1 < i < r and 
s qj a i,oLj-i (/) = 0 = 5;.„, q ._ 1 (/) for all 1 < j < s. It follows from the pre¬ 
vious subsection that for each 1 < i < r, S 2 k(J'o(N/pi)) is contained in the pi 
eigenspace of Q Pi and V{pi)S 2 k(^o(dL/Pi)) i s contained in the pi eigenspace of 
Q' p .. Also from Corollarv l5.13l for each 1 < j < s, we get that 'o(IV jqj)) 
is contained in the qj eigenspace of S q aj _ 1 and V(qj)S 2 k(To{N/qj)) is 
contained in the qj eigenspace of S' aj a ._ r 

Since Q Pi , Q p . and i, S'^ aj a _ 1 are self-adjoint operators we 

get that / is orthogonal to S 2 k(To(N/p)) and V(p)S 2 k(Xo(N/p)) for each 
prime divisor p of N. Thus / is orthogonal to the old space, that is, / € 
S 2 T( T 0 (IV)). □ 

Next we consider N such that any prime divisor divides it with power 
at most 2. Let p be a prime such that N = p 2 M, so ( p,M) = 1. Recall 
that Q p 2 = ( U p ) 2 W p 2 and Q p 2 {Q p 2 — p 2 )(Q p 2 + p) = 0. It follows from 
Corollary 14.41 that if / E S 2 k(To(pM)) then Q p 2 (f) = pQ p (f), hence Q p 2 
stabilizes S 2 k(To(pM)) and acts with eigenvalues p 2 and — p on this subspace. 
I 11 particular if / E 52fc(To(M)) then Q p 2 (f) = p 2 f and if / E Slf™(To(pM)) 
then Q p2 (f) = -pf. 

Finally if / E 59^ w (To(A r )) is a primitive form then U p {f) = 0 and so 

QAf) = 0- Thus if / E S 2 n | w (r o (A0) then Q p2 (/) = 0. 
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Consider the operator Q p2 = W p 2 Q p 2 W p 2 = W p 2 (U p ) 2 , then Q' p2 (Q ' p 2 — 
P 2 ){Q ' p 2 + p) = 0- We have the following lemma. 

Lemma 5.15. Let N = p 2 M with ( p,M ) = 1. 

(1) The operator Q ' p2 stabilizes the space V(p)S 2 k(Xo(pM)) and its sub¬ 
space V(p)X p . 

(2) If g(z) = f{p 2 z) £ V (p 2 )5 2 fc(r 0 (M)) where f £ S 2 fc(r 0 (M)), then 
Q' p2 (g) = p 2 g. Consequently, Q' p2 has eigenvalues p 2 and —p on the 
space V (jj)X p . 

(3) If f € S™(T 0 (pM)) andg = f(pz) £ V(p)S»™(T 0 (pM)). Then 

Q'piia) = -pg- 

(4) Let q, M' be positive integers such that ( q,p ) = 1 and qM' \ M. 
Then V(pq)S 2 ™(Tq(pM')) is contained in the —p eigenspace of Q p2 . 

Thus Q ’ p2 acts with eigenvalues p 2 and —p on V(p)S 2 k(To(pLI)). 


Proof. Let g = f(pz) where / £ S 2 k(XoipM)). It follows from Lemma 15.121 

that W p 2 (g) = p~ k W p (f ) where W p acts via ■ Since W p is Atkin- 

Lehner operator on 52fc(r 0 (pM)) and Q p 2 stabilizes S2k(To(pM)) an( I 
maps S 2 k (r 0 (pM)) onto V{p)S 2 k(JIo{pM)) we get that Q p 2 (g ) belongs to 
Thus Q ’ p 2 stabilizes L(p)5 2 fc(r 0 (pM)). 

In particular, if / £ Slf™(To(pM)), since W p preserves the space of new- 
forms, we get that W p 2 {g) belongs to SffX (T q(j>M)). Thus 

Qplig) = W p2 Q p 2 (W p 2 (g)) = -pW p 2 (W p 2 {g)) = -pg, 


proving (3). 

Recall that V(p)X p = R(p)5 2fc (T 0 (M)) © R(p 2 )5 2fc (T 0 (M)). Let g{z) = 
f{p 2 z) where / £ 5 2 fc(To(M)j, then by Lemma 15.121 we get that W p 2 (g) = 
p~ 2k f and thus 


Q' p z(g) = w P 2Q P 2{p~ 2k f) = p 2 w P 2(p- 2k f ) = p 2 g, 

proving part of (2). Now we shall complete proof of (1) and (2). 

Let g(z) = f {pz ) where / £ 5 2fc (T 0 (M)). By Lemma 15.121 W p2 (g) = g 
and using Lemma 15.31 we get 


Q' p 2(g) = W p 2 Q p 2 (g ) = pW p 2 (p 1 -‘ 2k T p (f) -g)= p 2 T p (f)(p 2 z ) - pg, 

which clearly belongs to V(p)X p , showing (1). Now following arguments as 
in Corollary 15.41 and Proposition 15.51 we get that Q' p2 acts with eigenval¬ 
ues p 2 and — p on V(p)X p and the p 2 eigenspace of Q' 2 inside V{p)X p is 
V(p 2 )S2 k (T 0 (M)). 


To prove (4), we check that the operators V (q) and Q' p2 commutes on 

5 2 fc(^o(p 2 M , )). Since ( U p ) 2 commutes with V(q) [Tj, Lemma 15] enough 

fp 2 B l\ 

to check that W p 2 commutes with V (q). Let W p 2 acts via ( ^ ? ] of 
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determinant p 2 , then W p 2 \W p 2 belongs to To (N/q). So 

for / G S 2k (T 0 (N/q)), W 2 V(q)(f) = V(q)W 2 (f). Hence Q' p2 V(pq)(f) = 
V(q)Q' p2 V(p)(f ) for / G S^(T 0 (pM')). 

We can check that V(p)Sff w (T q(j)M')) is contained in the — p eigenspace 
of Q' p2 and so, Q' p2 V(pq)S^(T 0 (pM')) = -pV(q)V(p)S^(r 0 (pM')) con¬ 
cluding the proof. 

Finally since 

V(p)S 2 k (T 0 (pM)) = V(p)S^(T 0 (pM)) © V{p)X p ® 

®qM’\M,(q,p)=l V(PQ)S 2k T (B0 (j>M ')), 

we get that Q p2 acts with eigenvalues p 2 and — p on V{jp)S 2k (To(pM)). □ 

Proposition 5.16. The operators Q p 2 = {U p ) 2 W p 2 and Q' p2 = W p 2 Q p 2 W p 2 
are self-adjoint with respect to Petersson inner product. 

Proof. The proof is similar to that of Proposition 15.71 □ 

Now we restate and prove Theorem [2j 

Theorem 10. Let N = M 2 M where Mi, M are square free and coprime. 
Then f G Sf^ w (To(N)) if and only if Q p (f) = —f = Q p (f ) for all primes p 
dividing M and Q p 2 (/) = 0 = Q r p2 (f ) for all primes p dividing M\. 

Proof. The one side implication is clear. 

Conversely if / G S 2k (To(N)) is such that Q p (f) = —f = Q p (f ) for all 
primes p \ M, then as before / is orthogonal to both S 2k (To(N/p )) and 
V(p)S 2k (T 0 (N/p)) for all p \ M. 

Let q be a prime dividing M\ and N = q 2 N', so ( q,N') = 1. We have 
already checked that Q p2 stabilizes S 2k (To(N/q )) = S 2k (To(qN')) and acts 
with eigenvalues q 2 and —q. Further it follows from Lemma 15.151 that Q' p2 
stabilizes V{q)S 2k (To(N/q)) i.e, V(q)S 2k (To(qN')) and acts with eigenvalues 
q 2 and —q. Thus if Q q 2 {f) = 0 = Q' q2 (f) for all primes q dividing M\ we 
get that / is orthogonal to both S 2k (T o(iV/ q)) and V(q)S 2k (To(N/q)) for all 
q | Mi. Hence / is in the new space at level N. □ 

Let p be an odd prime. Next we shall consider the action of twisting 
operators R p and R x [1[ Section 6] where R p is the twist by the Dirichlet 

character given by Kronecker symbol and R x is the twist by the Dirichlet 

character given by (—). To be more precise, let f(z) = Ylri=i a nQ n G 
S 2k (T 0 (N)). Then 

flp(/)W = E (-) o»9”, Rxina) = E (—) 

n=l VP/ n= 1 V n J 

By m Lemma 33], R p and R x are operators on S 2k (To(N)) provided that 
p 2 | N and 16 | N respectively. 
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It is well known that R p and R x are self-adjoint operators with respect to 
Petersson inner product. 

Lemma 5.17. Let N = p n M where p is odd and coprime to M and n > 
2. If f £ S^ W (T 0 (N)), then ( R p ) 2 (f) = f. For 1 < a < n the space 
V{p a )(S 2k (JI 0 (p n - a M))) is contained in the 0 eigenspace of R 2 . 

Proof. If f(z) = Y^=i a n<l n £ i s a primitive form, as p 2 \ N, 

we have a p = 0 and consequently a m = 0 for any m divisible by p. Thus 
f(z) = ^°° n=1 a n q n . Since 5'2| w (To(A f )) has a basis of primitive forms, 

(n,p) = l 

this holds for any / £ S , 2 ^ w (ro(IV)). It now follows that 

oo / 2 \ oo 

R 2 p(f)(z)= Y \~ff) anqn= a nq n = f{z). 

n =1 k U / n =l 

(n,p)=l (™,p)=l 

Let g(z) = f(p a z) where f(z) = a nQ n S 5 2 fc(r 0 (p n_ “M)). Then 

g(z) = Yl^Li a nQ p n ■ Since a > 1, clearly R p (g ) = 0. Hence the lemma 
follows. □ 

Following exactly similar arguments we also have the following lemma. 

Lemma 5.18. Let N = 2 n M with M odd and n > 4. If f £ S^ W (T 0 (N)), 
then (R x ) 2 {f) = /• For 1 < a < n the space V{p a )(S 2 k(I'o{p n ~ a M))) is 
contained in the 0 eigenspace of ii 2 ^. 

Since R p and R 2 are self-adjoint operators, using Corollary 15.131 and Lem¬ 
mas 15.171 and 15.181 and following a similar argument as in Theorem [9] we 
obtain the following theorem (Theorem [4] of Section [2]). 

Theorem 11. Let N = lPp\p 2 ■ ■ -PrQ^q^ 2 ‘'' Qf s where pi, qi are distinct 
odd primes and f3 > 4 and a,j > 2 for all 1 < j < s. Then f £ (To(A^)) 

if and only if Q Pi {f) = -f = Q p .{f ) for all 1 < i < r, (R qj ) 2 (f) = f for all 
1 < j < s and ( R x ) 2 (f) = f, and 5 g 7 ) 7 _i(/) = 0 for all primes q such that 
g 7 ||IV with 7 > 2. 

6. Characterization of old spaces 

In the previous section we described the space of newforms in S 2 fc(To(Ai)) 
as a common eigenspace of certain Hecke operators. In this section we extend 
this description to the subspaces of old forms of type V(d)Sf™(ro(M)) that 
appear in the direct sum decomposition of the old space Sgjfc^TcKAO) i n ©• 
We first consider the case when N is square-free. In the theorem below we 
characterize the various summands in the old space as common eigenspaces 
of the operators Q p , Q' p as p varies over prime divisors of N. 

Theorem 12. Let N be square-free. Then 

(1) f € ^(ToCl)) if and only if Q p (f) = pf for all p \ N. 
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(2) Let 1 ^ M | N. Then f E Slf™ {Tq{M)) if and only if Q p {f) = —f = 
Q'pf f or P I M and Q q {f ) = qf for all p | ( N/M ). 

(3) Let 1 M' I IV. TTierr / € V(M / )S' 2 fc(ro(l)) if and only if Q'Jf) = 
g/ /or all q \ M' and Q q {f) = qf for all q \ {N/M'). 

(4) Let M and M' > 1 and MM' \ N. Then f E V{M')S^ W {T 0 {M)) 
if and only if Q p (f) = -f = Q' p f for all p \ M, Q' q {f) = qf for all 
q | M' and Q q {f) = qf for all q \ (N/MM'). 

The proof relies on the above description of eigenspaces of Q p and Q' p and 
the following additional lemma. 

Lemma 6.1. Let dM \ N where M / 1 and d is coprime to M. If f E 
V(d)S^ w (F 0 (M)), then Q p (f) = -f = Q' p f for all p \ M. 

Proof. Let / = V{d)f\ where f\ E (To(M)) and p be a prime divisor 
of M. Then Q p {f) = U p W p .i\r(V (ri)/i) where W P) n is the At.kin-Lehner 
operator on 52fc(To(A^)). Note that for / E we have W Pt N ( f ) = 

W pM {f). Further W p> n commutes with V(d) on S , 2 fc(To(M)) as the matrix 
W p> nV( d)(V{d)W Pj N)~ 1 £ T 0 (M). Now by [U Lemma 15], U p commutes 
with V(d) as (d,p) = 1. Hence by Theorem [8] 

Qpif) = V{d)U p W pM h = V (d)Q P (fi) = —V{d)f\ = -/. 

The case of Q' p follows similarly. □ 

Proof of Theorem \12\ We shall give proof of (4). The other parts follow 
similarly. Let M and M' > 1 and N = MM't for some t E N. If 
/ E V{M')S 2 ^ n {Tq{M )), then by above lemma Q p (f) = —f = Q' p f for all 
p | M. Further for each q \ M', V{M')S^ W (r 0 (M)) C V{q)S 2 k{T 0 {N/q)), 
and so Q' q (f) = qf for all q \ M’. Similarly for each q | t we have 
V (M 1 )SlfjN (r 0 (M) ) c 5 2 fc(r 0 (iV/g)) and so Q q (f) = qf for all q \ t. 

Conversely let / E S' 2 fc(Fo(A r )) be such that Q p (f) = — / = Q p f for all 
p | M, Q' q {f) = qf for all q \ M' and Q q {f) = qf for all q \ {N/MM'). 
Let q be any prime such that q \ M't. Let V := ©d r |Ar ig | r H(d)52/f v (ro(r)) 
and W := ® rfr .|N,( 9 ,r)=i^(d)^ w (r 0 (r)) Then 5°[ d (r 0 (iV)) = V © W and 
since N is square-free we have W = X q . By previous lemma V is contained 
in the intersection of —1 eigenspace of Q q and Q' q . Now / can be uniquely 
written as / = v + w with v E V and w E W. If q \ t, then Q q f = qf 
and so qv + qw = Q q v + Q q w = — v + Q q w where Q q w E W. Thus v = 0 
and / E W. If q \ M' we get the same conclusion by using the operator Q' q 
instead. Since the above argument works for all primes dividing M't, we get 
that / E © rfr |N,r|M^(d)5 2 n r(r 0 (r)). 

Now let q \ M' be any prime. Then ® d r\N,r\M,{d, q )=iV(d)S%% w {T 0 {r)) C 
S 2 k{T 0 (N/q)) while ® dr \N,r\M,q\dV(d)S^{T 0 {r)) C V{q)S 2k {T 0 {N/q)). Thus 
f £ X q . Since Q' q f = qf and the q eigenspace of Q' q in X q is precisely 
V(q)S 2 k{Lo{N/q)), we get that / belongs to ® dr \N,r\M,q\ d V(d)S^ w {T 0 {r)). 
Applying the same argument for all primes q | M' we get that / belongs 
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to ®dr\N,r\M,M'\d,V{d)S2™(To(r)) . Now let q be a prime dividing t. Then 
we have that ® d r\N,r\M,M'\d,(d, q )=iV(d)S^ w (r 0 (r)) C S 2k (T 0 (N/q )) while 
®dr\N,r\M,M'\dMdV( d )S% w ( W) C V(q)S 2k (T 0 (N/q)). Thus / € X,. Now 
Qqf = qf implies that / € ®dr\N,r\M,M'\d,(d,q)=i v ( d ) S 2 k W ( r o0~))• As be¬ 
fore applying this argument for all primes q \ t we get that / belongs to 

®dr\MM\r\M,M'\dV(d)S$% w (T 0 (r)) := Y. 

Finally let p be a prime dividing M. Then Y = Y\ © Y 2 © I 3 where 

^1 = ®dr\MM',r\M,M'\d,(dr,p)=iy{d)S 2 k W (T 0 (r )), Y 2 = ®dr\MM',r\M,M'\d,p\d 

V(d)S*™(T 0 (r)) and Y 3 = ®dr\MM',r\M,M'\d, P \rV(d)S^{T 0 {v)). Clearly 
Y\ ©I 2 C X p . We write / uniquely as / = g + h where g £ Y\ © Y 2 
and h £ I 3 . Since Q p (f) = — / = Q' p f and Q p (h ) = — h = we get 
that Q p (g ) = Thus 5 is orthogonal to X p but g € X p , hence 

g = 0. Applying the same argument for all primes p dividing M we get that 
/ e ®dr\MM',r=M,M'\d whi ch is precisely V{M')S^ W {T 0 (M)). □ 

We now consider the case N = p n where p is a prime. The characterization 
of the old space summands will be done inductively on n. The case n = 1 
follows from Theorem fl2l We assume that n > 2 . It follows from (JTJ) that 

n 

S 2 k (r 0 (p n )) = 5 2fc (r 0 ( P n - 1 )) © © v( P n - r )s%r( r 0 (p r ))- 

r=0 

By Corollarv l5.101 5 , 2 fc(To(p n ^ 1 )) is precisely the p eigenspace of the operator 
S p n p n-i on S 2 fc(r 0 (p n )) and hence we can characterize the summands that 
appear inside the direct sum decomposition of 5 , 2 fc(ro(p n ~ 1 )) using induction 
hypothesis. 

So we need to only deal with the spaces of type V(p n ~ r )S2^ w (To(p r )) 
for 0 < r < n. Using Lemma 15.121 the operator W p n maps 52 “ w (Fo(p r )) 
onto U(p n_T ')52fc W (ro(p r )). Thus a form / £ •‘^(Fo (p n )) belongs to the 
space V{p n - r )S^ w (T 0 {p r )) if and only if W p n(f) belongs to (To(p r )). 
By the previous section we already know how to characterize the forms in 
5?f w ( r o(p r )), thus we can characterize W p n(f ) and hence /. 

Using above similar statement as Theorem [12] can be made for a general 
level N. 


References 

[1] A. O. L. Atkin, and J. Lehner, Hecke operators on Fo(m), Math. Ann. 185 (1970), 
134-160. 

[2] W. Casselman, On some results of Atkin and Lehner , Math. Ann. 201 (1973), 301-314. 

[3] W. Casselman, The restriction of a representation o/GL 2 (fc) to GL 2 (o) , Math. Ann. 
206 (1973), 311-318. 

[4] S. Gelbart, Automorphic forms on Adele Groups , Annals of Mathematics Studies 83, 
Princeton University Press, 1975. 

[5] R. Howe, Affine-like Hecke algebras and p-adic representation theory in Iwahori-Hecke 
Algebras and their Representation Theory, Lecture Notes in Mathematics 1804 (2002), 
27-69. 






NEW FORMS ON r 0 (m) 


33 


[6] W. Kohnen, Newforms of half-integral weight, J. Reine Angew. Math. 333 (1982), 
32-72. 

[7] H. Y. Loke and G. Savin, Representations of the two-fold central extension o/SL/ 2 (Q 2 ), 
Pacific J. Math. 247 (2010), 435-454. 

[8] T. Miyake, Modular Forms, Springer-Verlag, 1989. 

[9] S. Niwa, On Shimura’s trace formula, Nagoya Math. J. 66 (1977), 183-202. 

[10] R. Schmidt, Some remarks on local newforms for GL(2), .J. Ramanujan Math. Soc. 
17 (2002), 115-147. 

Department of Mathematics, Technion, Haifa , 32000, Israel 
E-mail address', embaruch@math.technion.ac.il 

Faculty of Mathematics, Kyushu University, Japan 
E-mail address'. somapurkait@gmail. com 



